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Abstract. For the Schrodinger equation, (id t + A)u = 0oia torus, an arbitrary non- 
empty open set f2 provides control and observability of the solution: ||it| t= o||z, 2 (T 2 ) < 
Kt\\u\\l 2 ([o,t]xQ)- We show that the same result remains true for [id t + A — V)u = 
where V £ L 2 (T 2 ), and T 2 is a (rational or irrational) torus. That extends the results 
of PP, and [8] where the observability was proved for V <G C(T 2 ) and conjectured for 
V € I/°°(T 2 ). The higher dimensional generalization remains open for V € L°°(T n ). 



I. Introduction 

The purpose of this paper is to prove a case of the conjecture made by the last two 
authors in [8]. It concerned control and observability for Schrodinger operators on tori 
with L°° potentials. Here we prove that for two dimensional tori the desired results are 
valid for potentials which are merely in L 2 . 

To state the result consider 

T 2 := R 2 /AZ x BZ , A,5el\ {0} , V E L 2 (T 2 ), 

(1.1) (—A + V{z) - X)u(z) — f(z) , z G T 2 , 
and 

(1.2) id t u(t,z) = (-A + V(z))u(t,z), z G T 2 , 

The first theorem concerns solutions of the stationary Schrodinger equation and is ap- 
plicable to high energy eigenfunctions: 

Theorem 1. Let Q C T 2 be a non-empty open set. There exists a constant K = K(Jl), 
depending only on Q, such that for any solution of (1.1) we have 

(I- 3 ) IMU 2 (T2) < K (||/|| L 2 (T2) + ||M|| L2(n) ) . 

Theorem [T] can be deduced from the following dynamical result: 
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Theorem 2. Let Q C T 2 be a non empty open set and let T > 0. There exists a constant 



K, depending only on Vt, T and V , such that for any solution of (1.2) we have 



(1.4) 



IttMU^,) <K [ \\u(t,.)\\ 2 L2{n) dt. 
Jo 



An estimate of this type is called an observability result. Once we have it, the HUM 
method (see p2]) automatically provides the following control result: 

Theorem 3. Let Q C T 2 be any nonempty open set and let T > 0. For any uq G L 2 (T 2 ), 
there exists f G L 2 ([0,T] x Q) such that the solution of the equation 



satisfies 



(id t + A - V{z))u(t, z) = fl [Q ,T]xn(t, z) , 

u(T, •) = . 



u(0, 



In the case of V = (and rational tori) the estimates (1.3) and (1.4) were proved by 
Jaffard [13] and Haraux [12] using Kahane's work [15] on lacunary Fourier series. For V G 
C°°(T 2 ) the results above were proved by the last two authors [H] and for a class potentials 
including continuous potentials on T n , by Anantharaman-Macia pQ. The paper [T] resolves 
other questions concerning semiclassical measures on tori and contains further references; 
see also pE]. For a presentation of other aspects of control theory for the Schrodinger 
equation we refer to [16] - see also [6, §3]. 

The paper is organized as follows. In §[2] we present dispersive estimates which allow 
approximation of rough potentials by smooth potentials. In £j3]we refine some of the one 
dimensional observability estimates and show that they hold for potentials W G //(IT 1 ), 
p > 1. The next §|4] is devoted to semiclassical observability estimates for a family of smooth 
potentials compact in L 2 (T 2 ). In the following section an observability result is proved for 
general tori with constants uniform in a compact set in L 2 (Proposition 5.1 i). Combined 
with the results from £j2] that gives the proof of the theorem. 



2. A PRIORI ESTIMATES FOR SOLUTIONS TO SCHRODINGER EQUATIONS 

The proof of observability for rough potentials will follow from observability for smooth 
potentials with estimates controlled by constants depending only on L 2 norms of the po- 
tential. The approximation argument uses dispersion estimates for the Schrodinger goup 
on the torus and we first show that these estimates hold in the presence of a potential. 

2.1. The case of T 1 . We start with the simpler case of one dimensional equations. It will 
be needed in §[3] but it also introduces the idea of the proof in an elementary setting. 
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We first make some general comments. The operator —d 2 + W, W G L 1 (T 1 ) is defined 
by Friedrich's extension (see for instance [10, Theorem 4.10]) using the quadratic form 

q(v,v)= [ (\d x v{x)\ 2 + W{x)\v{x)\ 2 ) dx, v G iJ 1 (T 1 ), 
which is bounded from below since 

| I W{x)\v(x)\ 2 dx\ < C||W|| L i|H|ioc < C||ty|| L i||^|| L2 ||t;|| L 2 

JT 1 



<-Ce\\W\\ L 4d x v\\ 2 L2 - 



lA\ v \\l^ 



Hence P = —d 2 + W defined on C 00 ^ 1 ) has a unique self-adjoint extension with the 
domain containing if 1 (T 1 ). When W G L 2 (T r ) the operator is self-adjoint with the domain 
H 2 ^ 1 ). The resolvent, {—d 2 + W — z)^ 1 , z R is compact and the spectrum is discrete 
with eigenvalues \j —> +00. 

The following estimate applies to solutions of the Schrodinger equation satisfying Floquet 
periodicity conditions: 



(2.1) 



v(x + 2n) 



v{x), 



or equivalently to solutions of the Schrodinger equation with d x replaced by d x + ik. (We 
note that u(x) := e~ lhx v(x) is periodic and d x v(x) = e lkx {d x + ik)u(x).) 

Proposition 2.1. For any W G L 2 (T 1 ), there exists C > such that for any k G [0, 1), 
and u G L 2 (T 1 ) the solution to the Schrodinger equation 



(2.2) 

satisfies 
(2.3) 



(idt + (d x + ik) 2 - W)u = 0, 



V \ t =o= Uq 



It 



L^>(T1;L 2 (0,T)) < C(l + VT)(1 + || W || L 2( X i) ) || U 1| L 2 (V) ■ 



Proof. For W = we put T = 2tt so that , with c n = uo{n), we have 



(2.4) 



|e rf ^Mo||rocr2 = SUP 

" ' x JO 



2- 



E 



-it\n-\-k\ 2 -\-inx 



sup ^ / 



2tt 



i(|n+fc| 2 — \m+k\ 2 )t p i(n— m)x 



supj^ 



E 



mez 
±(m+fc)=n+fe 



<4j]|c n | 2 <C|| 
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(We note that ±(m + k) = n + k has one solution only when k 7^ 0, \ and two solutions 
m = ±n for k = and m = n, —n — 1 for k = |.) For a non-zero potential W G L 2 (T 1 ) we 
use Duhamel's formula and write 



u(t) = e lW *u + - { I e i{t ~ s)d * (Wu(s))) ds. 



Applying ( 2.4[ ) (now with a small T > 0) and the Minkowski inequality we obtain 

||«||L«L?([o,n) < C\\u \\ Ll + / || K s <te i{t - s)A (Wu(s))\\ L ~ 

Jo 



(25) <C|K|| Li + / ||e^ A (^( S )|| M([0 , T]) ^ 



T 



<C\\u \\ Ll + C / \\Wu(s)\\ L 2ds 
Jo 

< C||«o||li +Cv / T||W / || L 2||m|| l?L 2 ([0iT]) . 

Hence 

(2-6) H«llL»£?([o,n) - 2C \\ u \\li, if >/r||w||ia < -. 



To obtain the estimate for multiples of T satisfying (2.6) we note that, by the invariance 



of the L 2 X norm of u(t) } j^_^ T \\u(t)\\ 2 Loo dt < 2C\\u((k — || z,| = 2C||-Uo||l|- Iterating this 
inequality gives ( |2.3 ). □ 

2.2. The case two dimensional tori. We now assume that A = 2ti, B = 2ir r y~ 1 > i 
the definition of T 2 . The case of general A, B follows by rescaling. For n = (ni,ri2) G Z 



in 

2 



we shall denote by 

(2.7) \n\ — \Jn\ + jn 2 ,, n ■ x = riiXi + ^n 2 X2- 

We start with some general observations. If V G L 2 (T 2 ;M) then —A + V on C°°(T 2 ) is 
a symmetric operator. Also, by Sobolev inequalities, 

(-A + i)- 1 : L 2 (T 2 ) -> H 2 (Y 2 ) C^iT 2 ) ^ L°°(T 2 ), 

is a compact operator. Hence, as the multiplication by V G L 2 is bounded L°° — > L 2 , 
V(— A + i) _1 is a compact operator on L 2 . It follows that the operator — A + V^ is essentially 
self-adjoint and has a discrete spectrum (see for instance [TOl Theorem 4.19]). Since for for 
u G H 2 (T 2 ) C L°°(T 2 ), Vu G L 2 , the domain is equal to H 2 (T 2 ). In particular, 

u (t) := e it{A - v) u G C°(R t ; H 2 (T 2 )) n C^Rf, L 2 (T 2 )), 

and 

(2.8) u{t) = e itA u + - / e i{t - s)A (Vu{s))ds. 

1 Jn 
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Proposition 2.2. Let T > 0. For any compact subset V C L 2 (T 2 ), there exists C(V), e > 
such that for any 

V eV + B(0,e) C L 2 (T 2 ) 

and any 

v e L 2 (T 2 ), / G L\%T);L\Y 2 )) + L§ (T 2 ; L 2 (0, T)), 

the solution to 

(2.9) (id t + (A - V))u = f, u \ t=0 = v , 

satisfies 



(2.10) ||w||Lo O ([ 0) T];i2( T 2)) nI ,4( T |. i 2( 0iT )) 



< C(V)(||v ||l2(tP) + 



L 1 ((0,T);L 2 (T 2 ))+L3(T 2 ;Z, 2 (0,T)) 



Before proving this result, let us show how it implies that Jaffard's result (Theorem [2] 
with V = 0) is stable by perturbation with potentials small in L 2 (T 2 ): 

Corollary 2.3. For any non-empty open sent Q and T > 0, there exist constants k, K > 
such that for V e L 2 (T 2 ), 

r-T 



||^|U 2 (T 2 ) < K =>" 

for any u € L 2 (T 2 ). 

Proof. The Duhamel formula gives 



m o||l 2 (t 2 ) 



< K 



-«(-A+VV i|2 j f 



u = e-^~^u = e itA u + 



and Jaffard's result (estimate (1.4) for V = 0) applies to the first term. Hence, for a 
constant K depending on Q and T, 



Fo||l 2 (t 2 ) 



< K 



o 



(2.11) 



# 



r 



\e itA u \\ 2 L 2 {n) dt 



t{A-V) Uo _ 1 f* p i(t- S )A 



Jo 



t JO 



l (Ms))^lli»(n) 



tit 



<2A- ||e^ A -^o||i 2 ( n)^^ 



We now use Proposition 2.2 with V = {V}, v o = and / = Km to obtain 

||/ t e^- s ) A (yu(s))ds|| L ^ ([ o, T];L 2 (T2)) < Cll^ll^^.^^ < C|I^IU 2 (T 2 )|h||L4(T 2 ,L 2 (0,T)). 

Applying Proposition 22 to the righthand side, now with vq = uq, f = 0, gives 
||J t e i (*- s ) A (Fu(s))ds|| L o O ([ 0)T ]. i 2 (X 2)) < C||y|| L 2 (T 2)||lio||l,2, 
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so that (2.11) becomes 

IMU 2 (t 2 ) < 2K \\e lt{A - v) Uo\\l 2{n) dt + 2CK T\\V\\ 2 L 2 (T 2 ) \\u \\ 2 L 2 {T 2 )) . 

To conclude, it sufficies to take 2CKqTk 2 < 1/2. (We note that since Kq depends on Q 
and T while C depends on T, we have no other choice than taking k > small.) □ 

Remark. In £j5] we will eliminate the smallness assumption on ||^||l 2 and that will prove 
Theorem |2j 



The proof of Proposition 2J2_ proceeds in several steps. We start proving estimate for 
V = 0, then we prove the general case by a perturbation arguments. 

The next proposition is a "fuzzy" version of the classical estimate of Zygmund: 

(2.12) 3C>0VreN, || c ne m ' x \\l^)<C £ |c„| 2 , 

neZ 2 ,|n| 2 =T neZ 2 ,|n| 2 =r 

and it is motivated by the Cordoba square function estimate [9]: 

Proposition 2.4. There exists C > such that for any < k and < h < 1, and any 

u G L 2 (T 2 ) satisfying 

u{n) = for n£ B(k, h) := {n G Z 2 ; \h 2 \n\ 2 - 1| < K 2 h 2 }. 

we have 

(2.13) IMU 4 (t 2 ) < C(l + K) 5 ||w||i2( T 2) 



We note that (2.12) is the case of k — 0. 

Proof. We first note that we can assume that k > 1 as the sets B(K,h) increase with 
increasing k. 

For a constant 5 > 0, to be fixed later, we distinguish two regimes: nh > 5 and nh < 5. 
In the first regime, the estimate follows from the Sobolev embedding if 2 (T 2 ) — > L 4 (T 2 ): 
u{n) = unless |n| 2 < h~ 2 + k 2 < (1/5 + l)/t 2 , and this implies 

\W H l m <C S K*\\u\\v 

From now on we assume that hn < 5. In this regime, we can change the set B(k, h) to 

A(k, h) := {n G Z 2 ; \h\n\ - 1| < k 2 /i 2 }. 

The idea is to prove an arithmetic version of the Cordoba square function estimate [9]. 
Indeed, the usual version allows only to work with k > (the uncertainty principle). 
Our version below allows to get estimates all the way down to k ~ 1 (that is, much beyond 
the uncertainty principle). We first notice that we can also assume that the spectrum of u 
is also contained in the upper quadrant of the plane {z G C : Re z > 0, Imz > 0} (here and 
in what follows we identify M 2 with C). Indeed, if the result is true for the upper quadrant, 
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by symmetry, it is true for any quadrant, and, with a different constant in the general case. 
Then we decompose the intersection of the annulus with this quadrant into a disjoint union 
of angular sectors of angles hn: 



A{k, h) n {Imz > 0, Rez > 0} = (J A a {n,h), N Ky 



a=0 



7T 



2hn 



where 

A a (K, h) := {z : Rez > 0, Imz > 0, \h\z\ — 1| < n 2 h 2 , arg(z) G [ahn, (a + l)hn)} 

The proof relies on the following geometric lemma which will be proved Appendix |B| 

Lemma 2.5. Fzx 5 > small enough. Then there exists Q G N stzc/i that for any < /i < 1, 
any 1 < k < 8/h, we have 



(2.14) 



Va,/3,a',/3' G{0,l,...,iV K ,4 4 , 

G/4a(«, + A*(«> &)) n (A*'( K > + h)) ^ 

+ < Q or \a - + \(3 - a'\ < Q 



We apply the lemma as folllows. We have 



N K , h 
a=0 



a,/3=Q T?C\A a 



and hence 
(2.15) 



Ml 4 



N K , h 

L4(T2) = ^2 

a,0,a',l3'=O 



■J2 



U a U0U a iU pi(x)dx 



The integral vanishes unless 

h) + ^(K, /i)) n {Aa'{K, h) + /i)) ^ 

as otherwise 



nGZ 2 ni a , meZ 2 nA /3 , peZ 2 nA a >, qeZ 2 nA i 



n + m — (p + g) 7^ 0, 



2.5 



and, using the inner product (2.7), f j2 e lx '^ n+m p g ^dx = 0. Lemma 
can restrict the sum in (2.15) to the subset of indexes (a, {3, a', satisfying 

|a - a'\ + \p-p\<Q or |a - + |/3 - a'| < Q. 



then shows that we 
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This and an application of Holder's inequality, 

U a UpU a lUpi{x)dx\ < ||f/ a ||L4( T 2)||?7 /3 || L 4( T 2)||L r a '|| L 4( T 2)||C/ / 3'|| L 4( T 2) 



T- 



\U a \\ 2 L l(j2^ + ||^a'|lL 4 (T 2 )) (jl^lll 4 (T 2 ) + 11^3' II 1 4 (T 2 )) , 



< 



l^a|li 4 (T 2 ) + 11^8' II L 4 (T 2 ) 



l^9|li*(T2) + ll^a'llL 4 (T 2 ) 



give 
(2.16) 



N K 



\U\ 



L 4 (T 2 ) 



<CQ 2 (J2 II^IIW 2 ))' 



a=0 



To estimate the norms of U a we write 

|V2 II TT || 1/2 



(2.17) 



^q||l 4 (T 2 ) 5: C||^ r a||/cx>( T 2)||t4f|| i 2( T 2) 

,1/2, 



<( E l M ™D 1/2 ( E KI 2 ) 1/4 <qz 2 nA,(K,/i)|'||c/ Q |U 2 ( T2 )- 



nez 2 nA* nez 2 rvl Q 

To estimate the number of integral points in A a (K,h), we first notice that A a (n,h) is 
included in a rectangle of height 1 + k and width 1 + 3n 2 h. 




Figure 1. The angular region A a (n, h) fitted inside a rectangle. 

Now, the number of integral points in any rectangle of height H and width W is bounded 
by C max(if, 1) m&x(W, 1). (To see this, notice that open discs of radius | centered at the 
integer points are pairwise disjoint and are all included in a rectangle of height H + 1 and 
width W + 1.) Hence, recalling that nh < 5, 

|Z 2 n Aa(K, h)\ < C(l + k)(1 + 3k 2 /i) < C(l + k) 2 . 



Combining this with (2.17) and (2.16) gives 



|| 4 (T 2 ) < C(l + K ) 2 || M lll 2 (T 2 )i 



concluding the proof. 



□ 
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The next step in the proof of Proposition 2.2 is an optimal (at least in terms of the 
spectral region where it holds) resolvent estimate - see Kenig-Dos Santos-Salo (TTJ Remark 
1.2] and Bourgain-Shao-Sogge-Yao [3j for related results. 

Proposition 2.6. For any compact subset V C L 2 (T 2 ), there exists C(V),e > such that 
for any V G V + -8(0, e), any f G C°°(T 2 ) and any r G C, |Imr| > I, 

(2.18) ||(-A + V - r)- 1 /!!^) < C||/|| L4/ 3 (T2) 



We deduce it from Proposition |2.4| and the following elementary result: 

Lemma 2.7. Assume that V is a compact subset of L 2 (T 2 ). Then for any 5 > there 
exists Cs > and for any V G V there exists Vs G L°°(T 2 ) such that 

\\Vs — V\\l 2 (t 2 ) < 5, H^IIl^ot 2 ) < C5. 

Proof. This is obvious for V = {Vo} since L°° C L 2 is dense. Applying it with 5 replaced 
by 8/2 the statement remains true for V with ||V — Vo||ia < 5/2. A covering arguments 
provides the result for a general compact set in L 2 . □ 



Proof of Proposition For Rer < C for any fixed C, we get (2.18) directly. Indeed, from 
(— A — t + V)u = f, multiplying by u, integrating by parts and taking real and imaginary 
parts, we get 

Rer ll M lli2( T 2) < n^H 2 !^!^) + 



|VM|| 2 2( T 2) 



III! T| ||ti||^2 (T2) < ||W|| L 4( T 2) 



«||l 4 (t 2 ) 

L 4 / 3 (T 2 )- 



L 4 /3(T 2 ); 



Since | Imr| > 1, the Sobolev embedding and Lemma 2.7 imply 

IMIl 4 (t 2 ) ^ cII^IIh^t 2 ) 

^ C(\\Vs - ^||l2(T2)||w|||4( T 2) + ||V5||loo( T 2)||-u|| 2 2(t2) + ||«||£,4(T2) 
< C(S + e)|M|!4 (T 2) + CdlVillioofp) + l)|k|U 4 (T 2 )||/||L 4 /3(T 2 )) 

and choosing e < 8 = \C gives the result. 

For Re r > C we start with the case of V = and notice 



L 4 /3(T 2 ), 



-A-t) 



-A - t) 



-A-f) 



4 

: La 



follows from (—A — r) 2 : L 2 — > L A = (La)*. Here the square root is defined using the 
spectral theorem and the branches chosen for ± Im r > 1 so that 



(A-r)s(A-r)3 = A - r, A > 0. 
Hence we need to prove that 

IM|l 4 (t 2 ) < CH/II^^), u := (-A - TT 2 "/. 
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To use Proposition 2.4 we write the resolvent applied to / using the Fourier series: 

/OO p 
n An-x , \ ^ _ . _. \ ^ J n An-a 



U 



E 



in-x _ 

—e — uq 



t p 



E 



E 

2^- 1 <||n| 2 -Rer|<2J 



(|n| 2 -r) 



We note that u = X]||n| 2 -ReT|<i fn(\ n \ 2 — r ) 3 e w ' x and hence Proposition 



2.4 



gives 



|m ||l 4 (t 2 ) < c||/IIl 2 (t 2 )- 



Applying (2.13) to t^-'s, with h = (Rer) 2 and k = 2^ 2 gives 



\u - Mo||l4 (T 2) 



00 00 
<C^2^K.|| L2 <(^2-/ 2 )^(^2^ J2 

j j=l J=l 2J- 1 <||n|2-Rer|<2J 



l/n| 



n — t 



< C 



L 2 



which concludes the proof of Proposition |2.6| for V — 0. 

The general case 7^ follows from the same perturbation argument as in the case 
Rer < C. Indeed, from (—A — r)u = —Vu + /, we deduce 

l Imr IIMlL2(T2) < II m IIl4(t 2 )II/IIl4/3 (t2) , 

and from the resolvent estimate for V = 0, 

|M| L 4(T 2 ) < C||Vm|| L 4/3( T 2) + ||/||l4/3 (T 2) 

< C(\\Vs - ^||l 2 (t 2 ) II^IIl 4 (t 2 ) + ||V5||l^(t 2 )||m||l2( T 2) + ||/||l4/3( T 2)), 



< C5||?l|| L 4 {T 2) +C(||^|| L00(T 2)||W||2 4(T2) ||/||£ 4/3(T2) + ||/|| L 4/3 (T 2)). 

Choosing 5 small enough gives the desired estimate. 



□ 



Proof of Proposition \2.S\ Let us first study the contribution of Vq. Putting Tuq = e 
we have 



it(A-V) 



Uq 



f ' e^ A - v ^f(s)ds= f e^ A - v ^f(s)ds+ f e 
Jo Jo Jt 



i(t-s)(A-V) 



f{s)ds. 



To prove that T : L 2 (T 2 ) ->■ L 4 (T 2 , L 2 ([0, T])) it suffices to prove that 

TT* : Ll(Tl,L 2 ([0,T})) L 4 (T 2 X , L 2 ([0, T])), 

and we will show it for the two operators on the right hand side, say the first one. That 
means showing that for solutions to (idt + A — V)v = f, v\ t=Q = 0, we have 

( 2 -19) IMIl 4 (t2 ; l 2 [o,t]) < C||/IIl4/3(t 2 ; l 2 [o,t])- 

Let U = v e~*l t>0 , F = /e"*llo<t<T- We have (id t + A — V + i)U = F and hence by taking 
the Fourier transform in t, 

(A - V + i — r)U — F. 



CONTROL FOR SCHRODINGER OPERATORS ON 2-TORI 11 



Proposition 2.6 now shows that for any rGl, 

\\U{r)\\ Lm <C\\F(t)\\ 

L 4 / 3 (T 2 )> 

which implies 

IMIl 4 (T 2 ;L 2 (0,T)) < C||^||L 4 (T2;L 2 (R t )) = C \\ U || L 4 (X 2 ; £3(R r )) 
(2-20) < C||f7|| L 2( RT . L 4( T 2)) < C"||F|| L 2( R7 ..i4/3( T 2)) 

< ^1I^IL 4 / 3 (T 2 ;L 2 (R T )) = C"H-^IIl 4 / 3 (T 2 ;L 2 [0,T]) 



concluding the proof of (2.19) 



Part of nonhomogeneous estimate in (2.10) 



||' u ||L°°([0,T];L 2 (T 2 ))nL 4 (T 2 ;L 2 ([0,T]) < C \\ f || L i Q ,T] ;L 2 (T 2 )) • 

follows from the boundedness of the operator T from L 2 to L 4 (T 2 ; L 2 ([0, T]) and the 
Minkovski inequality. Finally, since the dual of the operator / i— > J Q ' e^ i_s - )A ~ vr /(s)(is is 
g I—?- e l ( t ~ s ) A - v g(s)ds, we also get 

IMU~([0,T];L 2 (T 2 )) < C, |l/ll L i ([ o, T ];L 2 (T 2 ))+Lf(T 2 ;L 2 [0,T])' 



which concludes the proof of Proposition |2.2| □ 

We conclude this section with a continuity result which will be useful later: 

Proposition 2.8. Consider a sequence, {V n } n£ ^ C L 2 (T 2 ) converging to V & L 2 (T 2 ). 
Then there exists C > such that for any Vq £ L 2 (T 2 ) ; 

(2.21) ||e- it( - A+y) t;o-e- l * ( - A+l/ "^o||L-([0,T];L 2 (T 2 )) < C\\V - K||L 2 (T 2 )|ho||L 2 (T 2 ) 



Remark. The result in Proposition |2.8| can be stated more generally: for a compact subset 
of V C L 2 (T 2 ) and is equivalent to the Lipschitz continuity of the map 

V £ V C L 2 (T 2 ) i—). e~ it{ - A+v) £ L°°((0,T);£(L 2 (T 2 )). 

A slight modification of the proof presented here shows that it is in fact also Lipschitz on 
bounded subsets of L p , p > 2. It would be interesting to investigate such properties on 
other manifolds, as they seem to depend strongly on the geometry. Indeed, the analysis 
in [5j Theorem 2] is likely to give that on spheres, there exists a sequence of potentials 
{KijneN such the that for any T > 0, any p < +oo, 

lim ||K||lp(§ 2 ) = 0, but lim \\e itA - e it(A ~ v '' l) || L c O((0ir) . £(L 2 (§ 2 ))) > 0. 
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Proof of Proposition 2.8 Let u = e lt ( A v ^Vq and u n = e lf< - A Vu 'Vq, so that the Duhamel 
formula gives 

1 



U - U n 



At-^-v)(y n -V)u n {s)ds. 



Proposition 2.2 applied with V = {V}, v = and / = (V n — V)u n , and Holder's inequality 
give 

\Wv - M n ||L°°([0,T];L 2 (T2)) < C\\(V - V n )u n || L4/3( T 2 ;i 2 ( [ 0)T ]) 

< C\\(V - K)||L 2 |l M nlU 4 (T 2 ;L 2 ([o,T]))- 

Applying Proposition 2.2 again, now with V = {V n , n e N} U {V"}, and / = 0, we estimate 
the right hand side to obtain the desired estimate: 



\Uy — Mn|U°°([0,T];L 2 (T 2 )) < C\\V — V n \\ L 2 ( T 2) || V ||l 2 (T 2 ) • 



□ 



3. One -dimensional observability estimates 



In this section we consider the one-dimensional analog of our result which we prove for 
IP potentials, p > 1. In applications to control and observability on 2-tori we will use it 
only it for p = 2 but the finer estimate may be of independent interest. 

Let us make first some general comments. The operator — d^ + W, W G L 1 (T 1 ) is defined 
by Friedrich's extension (see for instance [10, Theorem 4.10]) using the quadratic form 

q(v,v)= [ (\d x v(x)\ 2 + W(x)\v(x)\ 2 ) dx, v E H 1 ^ 1 ), 

which is bounded from below since 

| / W{x)\v{x)\ 2 dx\ < C\\W\\ L x\\u\\loo < C\\W\\ L i\\d x v\\ L 2\\v\\ L 2 

<-Ce||H/|| L i||^||i 2 -^||H/|| L1 ||i;||i 2 . 

Hence P = —d 2 + W defined on C°°(T l ) has a unique self-adjoint extension with the 
domain containg iJ 1 (T 1 ). When W G L 2 (T : ) the operator is self-adjoint with the domain 
^(T 1 ). The resolvent, {—d 2 + W — z)^ 1 , z ^ R is compact and the spectrum is discrete 
with eigenvalues Aj —> +oo. 

We have the following one dimensional observability which holds for functions satisfying 
Floquet boundary conditions result: 

Proposition 3.1. Assume that W G ^(T 1 ), p > 1, and u C T 1 is a non-empty open set; 
then for any T > there exist Kq > such that for any k G [0, 1) and v G L 2 (T l ), 

(s.i) lklli 2 ( T1) < f T ^-^r-^v^dt 

Jo 
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We first prove the stationary version following the elementary approach of [7]: 
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Proposition 3.2. Under the assumptions of (3.9) there exists G\ = Ci(u, \\W\\lp) such 
that for any T6l, any solution to 



(3.2) 



\u 



■{d x + ikf + W -t)u = g, 



| L 2 (T i) < d ((r) 2 \\g\\ L 2 + IMU 2 m) 



This follows from the following result which holds for W = 0. 

Lemma 3.3. Let u C T 1 be an open set. Then there exists a constant Co = Cq(u), such 
that that for u G if 1 (T 1 ) satisfying 



(3.3) 
we have 



(d x + ik) 2 - t)u = f + g, 



(3.4) |M|l2(ti) + (t) 2 ||9 x u|| L 2 (T 2) < C (||/||h-i(ti) + (r) » Nlrafr 1 ) + IMIi^w) 
Proof. The elementary proof given in HI shows that if (— — r)ii = c^-F + G then 



(3.5) 



< C 



i) + (r) 2 ||G||l2( T i) + ||u 



We first claim that the result holds when d x is replaced by d x + ik. Equivalently, that 



means that (3.4) holds with k = for functions which are not periodic but satisfy (2.1). 



We will work under the assumption (2.1): 

{-d 2 x - t)v = d x F + G, v(x + 2vr) = e 2nik v(x). 

Choosing a parametrization on T 1 so that 2tt G uj we take x C°°(T 1 ) equal to one in 
a neighbourhood of T 1 \ u, and vanishing in a neighbourhood of 2tt. Hence, suppx^ C 
(e, 2tt — e) and u\v defines a function on T 1 . Applying (3.5 ) we obtain, using the properties 
of X, 

||^IU 2 (Ti) < C (\\F + 2x'u|| i 2 (T i ) + \\G - x"v ||l2(ti) + IMIl2(ti)) 
< C" (ll-^IU 2 ^ 1 ) + IICUl 2 ^ 1 ) + 11^11^8(11)) , 



that is, (3.5) holds for v satisfying (2.1). 



Since H/Hfr-i = inf{||F|| L 2 + ||-ff||L 2 : / = d x F + H}, the estimate on ||w||z,2( T i), u(x) 
e 2mkx v(x), in (|3.4[) follows. 
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To estimate d x u we write 

\\(d x + ik)u\\ 2 L 2 {T i } = ((-(d x + ik) 2 - r)w, w) L2(T i) + r||u||| 2 ( T i) 
= (f + 9, u) L 2 {T i) + rllull^prxj 



< 



h-h 



Ti)|M|ffi(Ti) + ||5lU 2 (Ti)||w|U2(Ti) + <T)||w||ia(Ti) 



< \\(d x + tk)u\\ 2 LHT1) + C\\f\\ + C\\g\\ + C(r)\\ 



Using the estimate for 1 1 tt 1 1 x, 2 (x 1 ) we obtain (3.4). 



□ 



Proof of Proposition 3.2 , With constant C\ depending on r the estimate (3.2) follows from 
the unique continuation property for —d 2 + W, W G L p , p > 1. As pointed out in [Hj, this 
result in implicit in the paper of Schechter-Simon [19] 

To obtain the dependence of contants for large (r) we first observe that interpolation 
between the if -1 and L 2 estimates in Lemma 3.3 shows that if (—(d x + ik) 2 — t)u — g + f, 
then 



1Mb + 0T 5 HMb < C(T}-i\\g\\ L 2 + C(t)t- \\f\\ H -s + C\\u\\ L 2 {u) , 
for < s < 1. As a consequence, if (—d 2 — r)u = g — Wu, then 
(3.6) \\u\\ L 2<C(r)-^\g\\ L2 +C(T)^\\Wu\\ H -s+C\\u\\ LHuj) . 



For s < §, ^(T 1 ) -»■ ^^(T 1 ) and hence, by duality, L^(T 1 ) -4- //^(T 1 ). Choosing 
s — 2^ < 2' anc ^ a PPlyi n S Holder's inequality we obtain 

\\Wu\\ H -s < C\\Wu\\ LTh _ s < C\\W\\ lp \\u\\ lt ^ 

< C\\W\\ LP \\u\\ H s < C'\\W\\ LP \\u\\^ s (\\u\\v + \\d x u\\ L 2) s 

< C'\\W\\ LP ( (rf +S) ^ \\u\\» + (r)-( 1+5 )f ||^n|| L2 



Combining this with (3.6) yields 



Mb + {r)-Hd x u\\ L , < C{r)-i\\g\\ L 2 + C\\u\\ L * {u) + C 2 (t)^ (rf +5) ^ \\u\\ L i 



5 M h 1 - 



Since < s < 1, taking (r) large enough allows us to absorb the last term on the right 
hand in the left hand side. Same is true for the third term since 



(1 + 5)s^ s - 1 



-1 + 2s + 5s 2 



2(1 - s) ' 2 l-s 
which is negative for < s < \ if we choose S small enough. 



□ 
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Proof of Proposition 3.1 Let us now show how to pass from the estimate in Proposition 3.2 



to an observability result. This was already achieved in [6] in a more general semiclassical 
setting. For completeness we present a simple version of it here - see |18j . 

For x £ Co°(K), put w = x(t)e ttp u , which solves 

(id t + P)w = i X '(t)e itp u = v, P := -(d x + ikf + W(x). 
Taking Fourier transforms with respect to time, we get 

(P — t)w{t) = v(t). 



Using the estimate in Proposition 3.2, we write 



C 

Rt)|| L 2 (t) < — ||w(r)|| L2(T) + C\\w(t)\\ L 2 {uj) . 

1 + \/\r\ 



Now, taking L? norm with respect to the r variable, gives 

C 



w(t)\\ L 2 {RtX1) < — \\v(t)\\ L 2 {RtXT) + C\\w(t)\\ L 2 {RtXlu) +( \\v(r)\\ 2 L2{T) dT) 

1 + ViV x J\t<n ' 



\t<N 

From this we notice that 

||w(t)||l2(r tX t) = ||wo||l2(t) x ||x||x2(K), ||w(t)||l2(m t xT) = ||mo||l2(t) x IIx'IU^r), 

II^(»I|l2(ir t xu,) = \\x(t)e ltp u \\ L 2 {RiXj) . 

From this we deduce that if 

cilx'lb < 1 



\\ X \\l<1 + VN) 2' 
then 

(3.7) \\uo\\Li<C f \\x(t)e itP Uo\\ L ^ tX T x ) + C'( f \\v{r)f L , drY . 

V|r<JV T ' x J 

To understand the last term on the right-hand side of we define Sobolev norms associated 
to P. Let {y? n }^Li be an orthonormal basis of L 2 (T X ) consisting of eigenfuctions of P. We 
then put 

oo 

I 111 

\u\ 



In this notation w = x(t) J2 n u n e~ ltXn (p n , and 
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Hence 

•N 



/ Mr)\\%dr = K? / \(r - \ n )x{r - \ n )\ 2 dr = £ \u n \ 2 \ 

J n =l J n =l J ° 

oo 

< Cn,M M \ | 



0((T - \ n )-°°)dT 



n=l 



Cn,m\\u\\ rr-M, 

rip 



for any M. Taking M = 2 and combining this with (3.7) we obtain 
(3.8) ||mo||l2 (t i) < C||x(t)e l * p u || L 2( MtXW ) + C||-Uo||j/- 2 ( T i)- 



To complete the proof, it remains to eliminate the last term on the right hand side of (3.8). 
For this, we apply the now classical uniqueness-compactness argument of Bardos-Lebeau- 
Rauch |2j (see also jBl §4]) or the direct argument presented in the Appendix. We note 
that both approaches rely on the unique continuation property of — (d x + ik) 2 + W(x), 
W G ^(T 1 ), p > 1. □ 

For later use we also record the following approximation result: 

Proposition 3.4. Assume that the sequence of potentials Wj is converging to W in ^(T 1 ), 
p > 2. Then there exist K > such that for any k G [0,1) and u G L 2 (Y l ), and any j G N, 

(3.9) IMIiam) ^ K o 



\Jt((d x +ik) 2 -Wj) \\2 7. 
I e V \\L 2 (u)) aZ - 



Proof. The proof follows from Proposition |3.1| by a simple perturbation argument. Put 
P = —{d x + ik) 2 + W and Pj = — (<9^ + ik) 2 + Wj. Then, according to the Duhamel 



formula, we have 



e ttp v = e ltPj v + 



,-i(t- S )P,- 



(W - Wj)e~ isP vds 



and consequently, according to (2.3) we obtain 

\\ e -*P v - e- l * p ^|| Loo([0iT];i2(T1)) < C\\(W - Wj)e 



-isP„ 



^||Li([0,T];L2(Tl)) 
isP„ 



< CVT\\W - Wj\\L2(Ti)\\e~ ""' v ||l°o(ti ; l 2 (o,t)) 

< CVf\\W - Wj\\ L 2^\\v\\ui(^y 



According to (3.1) we have 



|^Hi,2( T i) < k q 



\ p -itP.,\\2 



< 2Kn 



'3 \\L 2 (T^)\\ U \\L 2 (Tl)- 



which implies (3.9) if \\W — Wj\\i,2(ji) is small enough. 



□ 



CONTROL FOR SCHRODINGER OPERATORS ON 2-TORI 17 
4. SEMICLASSICAL OBSERVATION ESTIMATES IN DIMENSION 2 

We revisit and refine the arguments of [8]. The key point in our analysis will be the 
following variant of [HI Proposition 3.1]. The key difference is that now the main constant 
is determined in terms of the geometry of the problem and the potential V. 

Proposition 4.1. Suppose that Vj G C°°(T 2 ;IR) converge to V in the L 2 (T 2 ) topology. Let 
X G 1? 1) be equal to 1 near 0, and define 

„ , v / h 2 (—A + Vj) — 1\ 

H-h,p,j{uo) ■= X ( 1 «o , P > • 

T/ien /or any non-empty open subset Q of T 2 and T > 0, there exists a constant K > 
such that for any j there exist pj > 0, h j > such that for any < h < h j, Uq G L 2 (T 2 ), 
we have 

(4-1) IllWiolk < K f \\e-^- A+v M h ^MW)dt. 

Jo 



In the proof we argue by contradiction. We first observe that if the estimate (4.1 ) is true 



for some p > 0, then is is true for all < p' < p. As a consequence, if (4.1) were false then 
for any j, there would exist sequences 



h n ,j ► 0, Pn.j > 0, UQ,n,j — ^-h n ,j,pn,j,j( V 0,n,j) ^ L , 

id t u nJ (t, z) = (-A + Vj(z))u n;j (t, z) , u n>j (0, z) = u 0>riij (z) 



such that 



1 = ll«0,nj||ia, 



f 1 

y o hn,j(t,»)\\ 2 L 2 {n) dt<—. 

Each sequence n i-> w nj - is bounded in Z/f oc (M x T 2 ) and consequently, after possibly ex- 
tracting a subsequence, there exists a semiclassical defect measure pj on M. t x T*(T 2 ) such 
that for any function tp G Cg(Mt) and any a G Q (T*T 2 ), we have 



(4.2) (jij,<p(t)a(z,C)) = lim / ip(t)(a(z,h n> jD z )u n j)(t, z)u n>j (t,z)dtdz . 
Furthermore, standard arguments^] show that the measure /Xj satisfies 

(4.3) Hi(toJi) xT*T 2 z ) = t 1 -t . 

• The measure /ij on IRj x T*(T 2 ) is supported in the set 

£:={(M,C)GM 4 xT 2 xM 2 : |C| = 1} 



see [T] for a review of recent results about measures used for the Schrodinger equation. 
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and is invariant under the action of the geodesic flow: 

(4.4) £ • V X { N ) = 

• The mass of the measure on Q is bounded away from 0: 

(4.5) w ((o,T)xrn)<i. 



We are going to show that a proper choice of the constant K above contradicts (4.3). 
When no confusion is likely to occur we will drop the index j for conciseness. 

We start by decomposing E into to its rational and irrational parts. For that we identify 
T 2 ~ [0, A) x x [0, B) y where A,B eR\ {0}, and define 

Sq := E n \ (t, z, — =====); p, q G Z, gcd(p, q) = 1 
{ y / A 2 p 2 + Brq 2 

The flow on Eq is periodic. Its complement is the set of irrational points: 

Er\q := S \ Eq 

and it also invariant under the flow. 

4.1. The irrational directions. For simplicity we assume here that A — B — 2tt, that is 
T 2 = T 1 x T 1 , as the argument is the same as in the general case. 

Let us first define /%\q to be the restriction of the measure \i to E r \q. Since \i is invariant, 
for any open set ficT 2 , and any s£l, 

A*m\q((*i,*2) x x M 2 ) = /i R \ Q ((ti,t 2 ) x $,(fi x M 2 )) 
where the flow $ s is defined by & s (z, () = (z + s£, £). As a consequence, we obtain 

!,t 2 ) x n x R 2 ) = i f ii m {{t u t 2 ) x $ s (fi x M 2 )) 



o 

1 f T 

halt, t„\ X — / 11 



te(t u t 2 ) x 7^ j ^(«,c)e# s (nxi 



o 



The equidistribution theorem shows that for any (z, () in the support of 

r 1 Fn a vol (^) 



Hence the dominated convergence theorem and (4.3) show that 



(4.6) WK\Q((ti, * 2 ) x x M 2 ) = ^^ mQ ((f 1; t 2 ) x T 2 x M 2 ). 
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4.2. Dense rational directions. We now consider the restriction of the measure \x on the 
set of rational directions, Eq. We first consider the case of p/q for which p 2 + g 2 is large 
(we again assume that A = B = 1 as the general argument is the same). In some sense 
that corresponds to being close to the irrational case. 

Lemma 4.2. For any open set fl, there exists N G N, 5 > such that for any (p, q) G Z 2 ; 
gcd(p, q) = l, vV + q 2 > N , 

liminf ^ / H(,, f ) e<E , s (nxR2)rfs >5, C = j= • 

Proof. For any z = (xoj2/o) £ ^ choose A 7 " > 47r/e where B(z ,2e) C f2. Assume that 
P > > 2n/e and that p > g (the case of q < p is similar). Put 

s fc := — (2kn-x ), k = 0, • • • ,p - 1. 

P 

Since p and g are co-prime g is a generator of the group Z/pZ. Consequently, the points 

n= ^— q-y eT\ 
VP + Q 

are at distance exactly 2n /p from each other. (Here, and below, addition on T 1 is meant 
mod 27rZ.) We conclude that for any z G T 1 there exists 

J z C {0, . . . ,p - 1}, \J Z \ = [f ], such that for k G J 2 , \y + Y k - y \ < e. 

Since the flow is given by 

*_ f (*,«), -ft£= ) = f (*,«) - -^=fe«), (M) 



y/p 2 + g 2 y V \/p 2 + g 2 ' ' a/p 2 + g 2 y ' 

for any k & J, $_ Sjfc ^z, (p, q)j \/p 2 + g 2 j G -B(zo, e) x IR 2 . Since 27r/p < e, we also obtain 
that for \s — Sk\ < e 

Hence, using the assumption that q < p, 

r2-rry/p 2 +q 



I 

JO 



H*-.(z,C)6nxR»rfs > [f ]e > 27Ta/p 2 + g 2 <5, C 



(p»g) 



for some <5 > 0. Since the evolution of (z, C) is periodic with period 2t\^/p 2 + g 2 , the lemma 
follows. □ 
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Let us now fix N as in Lemma 4.2 and Let Hq,n be the restriction of /j,q to rational 
directions satisfying \Jp 2 + q 2 > N. As in the study of the irrational directions, Lemma 
and Fatou's Lemma imply 



4.2 



(4.7) 



,,*((*!, *a) x ft x R 2 ) > Sii Q)N {{t 1 ,t 2 ) x T 2 x 



4.3. Isolated rational directions. This section is closest to the arguments of [Hi §3]. We 
allow here existence of points in Eq whose evolution misses ft altogether. The contradiction 
is derived from that assumption. It is now important to keep A and B arbitrary, T 2 - 



2 / 'Ali x BTL. The constraints on the constant K will not be only geometric as in §£4.l|4.2 



but will also involve the limit potential V. Hence we return to the notation of (4.2) and 
keep the index j. 



^0 / 

















(n/m, a) 



—0 / 








a 




1 





"0 



Figure 2. On the left, a rectangle, R, covering a rational torus T 2 . In that 
case we obtain a periodic solution on R. On the right, the irrational case: 
the strip with sides mSo x MSq, Ho = (n/m, a) (not normalized to have norm 
one), also covers the torus [0,1] x [0, a]. Periodic functions are pulled back 
to functions satisfying ( 4.10| ). This figure is borrowed from [8]. 



We consider the restriction of the measure /i to any of the finitely many isolated rational 
directions: 



(4.8) 



(Ap,Bq) I 
-o = 7 === =, Vp 2 + q 2 <N 
^Ap 2 + Bq 2 



We first recall the following simple result jU Lemma 2.7] (see Fig. [2] for an illustration) 
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Lemma 4.3. Suppose that S is given by (4.8) and 

(4.9) : (x,y)\ — > z = F(x, y) = xE^ + yZ , Sq = == 1 == (-mB,nA) . 

\Jn l A l + m jS B z 

If u = u(z) is perodic with respect to AZ x BZ then 

(4.10) F*u{x + ka,y + £b) = F*u(x,y - kj) , k,£eZ, (x,y) eR 2 , 

where, for any fixed p,q G Z, 

(qn - pm)AB , —— pnA 2 + qmB 2 

a = -. , b = v n l A l + m l B l , 7 = , . 

^Jn 2 A 2 + m 2 B 2 Vn 2 A 2 + m 2 B 2 

When B/A = r/s G Q then 

F*u{x + ka,y + £b) = F*u(x,y) , k,£eZ, (x,y) eM 2 , 
for a = (n 2 s 2 + m 2 r 2 )a. 

We now identify w„j with F*u n j, and consider the Schrodinger equation on the strip 
R = R x x [0, 6] y (or the rectangle R[0, a] x x [0,6] y in the case when A/B G Q). In this 
coordinate system S = (0, 1). 

Choosing a function x G C^°(IR 2 ) equal to 1 near (0, 0) we define, for e > 0, 

X e :=x(((77,C)-(0,l))/e), vX^R, 

and 

u ndtt (x,y) = Xe(K,jD x )u ntj . 
We denote by (ij )€ , the semiclassical measure of the sequence (« n j,e)neN 0> e are parameters). 
Since /i Jje = (x e (C)) 2 /-*j> (where we skipped the pull-back by F we have 

( 4 - n ) }^o+ fij ' t = ^l{(*.*-0:C=(o.i)} 

We now recall the following normal-form result given in [HI Proposition 2.3] and [HI Corollary 
2.4]: 



Proposition 4.4. Suppose that F : IR 2 — > R 2 is given by (4.9) and that V G C°°(R 2 ) is 
periodic with respect to AZ x BZ. Let a,b and 7 be as in (4.10). 

Let x G C^°(1R 2 ) be equal to in a neighbourhood of r\ = 0. Suppose that Vj(x,y) G 
goo(Y l xT 1 ). Then there exist operators 

Qj(x, y, hD y ) G C°°(R) ® , fl^ar, /i£> y ) G ^°(M 2 ) , 

such that (F^YQF* and {F~ X )*RF* preserve AZ x 5Z periodicity, and 

(4.12) 



(/ + (D 2 , + F*V,(:r, y)) X (hD x , hD y ) 

= (D 2 y + Wj(x)){I + hQj)x(hD x , hD y ) + 



w/iere Wj(rr) = | F*Vj(x,y)dy satisfies Wj(x + a) = Wj\ 



x). 
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Moreover, there exist operators Pj = Pj(x,y, hD x , hD y ) e \I/ (IR 2 ) such that (with prop- 
erties as above) 

(4.13) (I + hQ 3 ) (D 2 X + D 2 y + F*Vj{x, y)) X (hD x , hD y ) 

'{D 2 X + D 2 y + Wj(x))(I + hQ 3 ) + Pj) X (hD x , hD y ) + hRj, 



(4.14) 



Pj(x, y, x, rj) = -^d x qj(x, y, rj)x e {^ rj), q 3 - = <t(Qj), 



where x G Q°(IR 2 ) is equal to one on the support of X- 



Using Proposition 4.4 we define 



(l + hQAu n)j>e , h = h n>j . 



3,e 



Since the operator Q 3 is bounded on L 2 , the semiclassical defect measures associated to v n 
and u n j >e are equal. We now consider the time dependent Schrodinger equation satisfied 
by i>n,j,e- With 

(4 15) Q n <3 ' Qjy^iVi hn.j l^y) 5 • ^v^iVi h"n,jD x , h n jDy) , 

-Pnj ■ Pj \% ■ y ■ h n jD x , h n jDy) , 



given in Proposition 4.4 and Xn,j,e '■= x(h n ,jD z ), we have 

(idt + A - Wj(x))v n>j = (I + h n>j Q n> j)(id t + A - Vj(x, y))xn,j,eU n ,j 

Pn,iXn,i,eU>n,j h n jR n j^ £ U n j 
Pn,jXn,j,eU"n,j Xn j,e]"jij ^L 2 (l) 

PnjXnj^UnJ ~\~ 0^,2 (l) 



(4.16) 



We also recall that according to (4.14), on the support of /^ e , the symbol of the operator 
W is smaller than Ce. This implies that 



(4.17) 

with 

(4.18) 



{id t + A - Wj{x))v n j, e = /„. 



limSUp ||/n,i,e||z,2([ ,T]xT 2 ) ~ (A*i,e> \Pn,j\ 2 ) < Cj6^ 



n— >+oo 



The following simple observation 
shows that we can write 



it{dl+dl-W 3 {x)) = e itdl e it(dl-W 3 {x))_ 



^n,j,eif , i^iy) ^ , 6 ^ ^^n,j,e,k^S"> i fn,j,e(tj V) ^ ^ ^ ^ fn,j,e,k 



fcez 
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where the coefficients satisfy a Floquet condition (see [SJ Proof of Proposition 2.2]) 

fnj, e ,k(t,x + a) = e 2m ^f n ^ k (t,x), 7 fc := 7^ = [7*/&] e [0, 1). 
Since + a) = Wj-(x) and 

< - V^)||^a([ 0) o] a! x[0,b] v ) 

< C Eo \\V - Vj-|| L 2 (x2) — ► 0, j — ► oo, 



we can apply the one dimensional Proposition |3.4 For that we fix a domain u C [0,a] x 
such that for any x G uJ, the line {x} x [0,6],, encounters fl The estiaate (3.9) gives 
the following non-geometric estimate; it is here where the depenence on the norm of the 
potential enters: 



\\ V n,j,e,k\\ 2 L°°([0,T};L 2 {{0,a} x )) — ^\\ v n,j,e,k \t=0 \\l^([0,a] a ) + 2 1| fn,j,e,k \\ \\ ([0,T];L 2 Q0,a] x )) 

r T 

^ i<r \ \\Jt(d2-Wi(x))., i \\2 j_r<\\t II 2 

S A / || e V n,j,e,k \t=0 \\l 2 (lu) + ^ \\ Jn,j,e,k\\ L 2 ([0,T]x[0,a] x ) 

Jo 

<Kq I H^n^e^llia^) + C||/nj",e,*||i2(ro j T]x[0,o]»)- 
Jo 

Summing over fceZ gives 

ll' u nJ,e||i>xj([o,T];L2([o j a]x[0,6] s ) — ^0 / Iknj.e |i=0 || L2(w) + ^11 fn,j,e || L 2 ([0,T] x [0,a] x ) 



Taking first the limit n — > +oo, we obtain, according to (4.18) 

/i ii£ ((0,T) x ([0,o] x [0,6]„) x R 2 ) < K o pj, e ((0,T) x u x [0,b] y x 1R 2 ) + Cje. 



Then taking the limit e — >■ 0, we conclude that, according to (4.11), 

(4.19) /!,(((), T) x ([0,0]* x [0,6],) x {(0,1)} < K ^((0,T) x u x [0,6], x {(0,1)}) 

Since vertical line over u encounters the open set Q, we have 

min / dy > 5q > 0. 



Qn{{x}x[0,b] y 



This and the invar iance of the measure under the flow (which now is just the translation 
in the y direction) imply that 

^•((0,T) x u; x [0,6], x {(0,1)}) < <Vi,((0,T) x Q x {(0,1)}). 
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Combining this with (4.19) we obtain that there exists a constant i^(o,i), independent of j, 
such that 

/x i ((0,T) x ([0,a] x x [0,6],) x {(0,1)}) < K (0 , m ((0,T) x Q x {(0,1)}). 
Returning to an arbitrary rational direction, 

(p,q) 



Cp,i 



^jAp 2 + Bq 2 



, vV + g 2 < iV, 



we obtain that there exists a constant such that 



(4.20) 



Hj((0,T) x T 2 x C P , q ) < K PjqN {{0,T) xQx E p>q ) 



4.4. Conclusion of the proof of Propositi on |4.1[ If the constant K in the statement 
of the proposition is chosen so that, with 5 in (4.7), 



K 
T 



> max 



vol(T 2 



1 



max i^. 



N 



then, according to (4.6), (4.7) and (4.6), we must have 

M(0,T) x T 2 x R 2 ) < T, 



which contradicts (4.3) and completes the proof of Proposition 4.1 



5. From smooth to rough potentials 



Proposition 4.1 was proved under the assumptions that Vj G C°°(T ) converge to V G 



L (T ). To pass to L potentials we will now use the results on [2.2 



5.1. Classical observation estimate for smooth potentials. The first proposition is 



the analogue of [Bl Proposition 4.1] but with constants described by Proposition 4.1 



Proposition 5.1. Suppose that Vj G C°°(T 2 ;]R) converge to V in the L 2 (T 2 ) topology. 
Then for any non-empty open subset Q ofT 2 and T > 0, there exists C > such that for 
any j G N there exists Cj such that for any u G L 2 (T 2 ) ; we have 

(5.1) ||mo||l 2 (t 2 ) < C||e lt(A ~^Uo|U 2 ([o,T]xn) + Cj||u ||i2--i(T 2 ), 



Proof. To obtain the estimate (5.1) from Proposition 4.1, we apply pseudodifferential cal- 
culus in the time variable. This was already performed in [8], but since we need a precise 
dependence on the constants we recall the argument. Consider a j-dependent partition of 
unity 



1 



^■W 2 + ^^(r) 2 , (fkjir) := ^(i?/|r|), R > 1, 



k=l 



y G C?((RJ\ Rj); [0, 1]), (RJ\ R 3 ) c {r : X (r/ Pj ) > §}, 
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where x an d Pj come from Proposition 4.1 Then, we decompose u dyadically: 
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\ u o\\h = hkAFvjfaWh- p Vj ■= -A + Vj. 



k=0 



Let ip e C c °°((0,T); [0, 1]) satisfy if>(t) > 1/2, on T/3 < t < 2T/3. We first observe (using 
the time translation invariance of Schrddinger equation) that in Proposition 4.1 we have 
actually proved that 

(5.2) mollis < K [ ij(t) 2 \\e-^- A+v ^U htP]J u \\ 2 L2{n) dt, < h< h , 

Jr 



which is the version we will use. 



Taking Kj large enough so that R j < hoj, where ho is as in Proposition 4.1 we apply 



(5.2) to the dyadic pieces: 

fcez 



k=0 k=Kj+l ^° 

l — n l — is . ii K 



Using the equation we can replace <p(Pvj) by <£>(A), which meant that we did not change 
the domain of z integration. We need to consider the commutator of if) G C£°((0, T)) and 
(Pkj(D t ) = tp(R~iD t ). If ^ G C£°((0, T)) is equal to 1 on supp-?/> then the semiclassical 
pseudo-differential calculus with h = R~ h (see for instance [201 Chapter 4]) gives 



(5.3) ip(t)(pk,j( D t) = m<PkA D Mt) + Ej(t, A), <9 Q A = 0((t)-"(T)-"IC"*) 



for all iV and uniformly in k. 
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The errors obtained from can be absorbed into the ||mo||//- 2 (t 2 ) term on the right-hand 
side (with a constant depending on j). Hence we obtain 

oo „t 

IKHia < CjWuoWh-i^ + CY^ / ||^(*)Vfcj(A)e~ ,WV i«o||£3 (n) tft 

k=0 Jo 

oo 

< Cjll M o||^-2( T 2) + K^(Lp k j(D t ) 2 ^(t)e~ ltPv 3U ,^(t)e~ ltPv 3U Q ,) L 2 {Rtxn) 

k=0 

Jr 
f T 

< Cj |KHzr-2(i?) +K || e ltP ^« ||!2 (n) ^, 

Jo 

where the last inequality is the statement of the proposition. □ 

5.2. Proof of Theorem [2l We can now deduce Theorem [2] from Proposition 5.1 For that 
we consider a sequence Vj of smooth potentials converging to V in L 2 (T 2 ) (to construct 
such sequence, consider the Littlewood-Paley cut-off Vj = x(2~ 2j A)V ,x £ Co°(^) equal to 



1 near 0). We now have according to Proposition 5.1 



|«o||l 2 (t 2 ) < C||e ii(A v ^u \\ L 2([o,T}xn) + Dj\\uo\\ H -2(j2y 



On the other hand, according to (2.21), we have 



e 



i!:A , ^ ) «o|U 2 ([o,r]xn) < ||e rf(A l/) Mo|U 2 ([o,T]xn) + C||^ - V ? -|| L 2||'u || L 2( T 2), 



and consequently, we deduce 

||mo||l 2 (t 2 ) < C||e rf(A_v ' ) 'Uo|U 2 ([o,r]xn) + C\\V - V}|| L 2||-u ||l 2 (t 2 ) + Dj WuqWh- 1 ^), 
and consequently, taking j large enough so that C\\V — Vj\\jji < |, we conclude that 
||%||l 2 (t 2 ) < 2C , ||e*' (A " y) M || L 2([ 0)T ] xn) +2D 3 -||<uo||fl--i(T3). 

It remains to eliminate the last term in the right-hand side of this inequality. For this we 
use again classical uniqueness-compactness argument of Bardos-Lebeau-Rauch [2] (see also 
[8j §4]) or the direct argument presented in the App end ix. The needed unique continuation 
results for L 2 potentials in IR 2 follows, as it did in £2.1 from the results of [T9] . 
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Appendix A. A quantitative version of the uniqueness-compactness 

ARGUMENT 

We present an abstract result which eliminates the low-frequency contributions in ob- 
servability estimates. 

Let P be an unbounded self-adjoint operator on a Hilbert spaces T-L. We assume that 
the spectrum of P is discrete: 

Pip n = K i Pn, Ai<A 2 <---, X n >n 5 /C , 5 > 0, 
where {ip}^ =l form an orthonormal basis of H. 

We define P-based Sobolev spaces using the norms 

oo 

(A.l) |M|^:= $> n H(v^n>| 2 . 

71=1 

The Schrodinger group for P is the following unitary operator on %: 

oo 

U(t)tp = exp(-itP)ip = ^{ V , Vn )e- ltXn Vn . 

n=l 

We have the following general result: 

Theorem 4. Suppose that A : H — >■ H is a bounded operator with the property that for any 
AeK there exists a constant C(\) such that for ip e Hp 

(A.2) IMI«<C(A)(||(P-AH„ + ||^||«). 

Suppose also that for some e > 0, T > 0, C\ and C2, 

(A.3) \\<p\\ 2 H < Ci J* \\AU{s)<p\\ 2 H ds + C 2 \\<p\\ 2 H -., j<t<T. 

Then there exist explicitely computable constant K such that 

(A.4) \W\\u<K f \\AU(t)cp\\ 2 H dt. 

Jo 

Remarks. 1. We do not compute the constant explicitely but the construction in the 
proof certainly allows that. 

2. In the applications in this paper 

P = -A + V, H = L 2 (T 2 ), A=l n , ft CT 2 open, 

or 

p = -(d x + ik) 2 + W, H = L 2 (T 1 ), A = 1 LU , cocT 1 open, 
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Proof. We start by observing that (A. 3) and the definition (A.l) imply that for N > 



(A.5) 



||(/-I%|| 2 < 2d [ \\AU(s){I -I%|| 2 ds, y<t<T, 
Jo 4 

Uif := ^ (ViVnWn- 



X n <N 



For reasons which will be explained below we will use this inequality for t — T/A and apply 
it (p replaced by U(T/2)(p: 



(A.6) 



/■3T/4 

/ - U)ip\\ 2 < 2d / \\AU(t)(I - U)ip\\ 2 dt. 

JT/2 



We will show that the same estimate is true for Hip. For that let //i < /i2 < • • • < A*n be 
the enumeration of {X n } n li and define 

A=n=/i r 

so that 



ri 



n<ifi 



r=l 



Since (P — fi r )i/) r = 0, we can apply (A. 2) to obtain 

(A.7) UVvll <Jr 2 ||AVv||, ^ 2 = maxC(A n ). 

n<_fCi 

The functions 1 1— >■ e* Mr *, r = 1, ■ ■ ■ , ri, are linearly independent there exists a constant 

K 3 = K 3 (fii, ■■■ ,fJ, ri ,T) 
such that for any /i, • • • , / n G %, 

r-3T/4 __n_ 

(A.8) 



/aj/4 1 1 1 1 

|lX) e ^'/rirA>^sX;il/r|| a , 
-V 2 r =l r =l 



as both sides provide equivalent norms on x^ 1 'H. 
Applying (A.8) with / r = Aip r and (A.7) gives 

r-3T/4 Jl 

lL 2 ((T/2,3T/4);W) " 

(A.9) 



/Mi/4 ' 1 ' J. 

= / \\J2Aij r e iflrt \\ 2 dt>K 2 y2\\A^ r 

J T/2 r=l r=l 

>^3^ll^ll 2 = ^ 3 ||n^||. 



r=l 
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2!) 



The combination of (A. 6) and (A. 9) do not yet provide the estimate (A. 4). However if 



\„<M 



then, for M sufficiently large we have 
(A.10) 



\\AU(t)(I - T1 M + Tl) v \\i H[onn) 



> 



K 2 2 K 2 \\Tl<p\\ 2 + (1/4C?)||(J - n M vn 2 - k.m-'m 2 . 

where K4 will be defined below. In fact, we choose 77 6 C£°((0, T)) equal to 1 on [T/2, 3T/4], 
then the left hand side in (A. 10) is estimated from below by 



\AU(t)(I -n M + Il)cp\\ 2 ri(t)dt = J \\AU(t)(I -U M )ip\\ 2 r]{t)dt + J \\AU{t)Uip\\ 2 r]{t)dt 



- 2Rej (AU(t)(I -U M )ip,AU(t)U(p)ri(t)dt. 
We can apply (A. 5) and ( |A.9 ) to estimate the first to terms from below. Since 
2ReJ (AU{t){I-IL M )<P,AU{t)ncp}r}{t)dt = 

2Re Yl Yl ( ( P> ( Pn)(<Pm,<p)(A<p n ,A(p m ) J e'^-^ritydt 

- p y\\ 2 kk.m-'m 2 , 



\„<N \ m >M 

< Cp\\A\\ 2 |A n — A„ 

\„<N \ m >M 



if we choose P sufficiently large. This proves (A. 10) 



We now have to deal with the remaining eigenfuctions corresponding to AT < A„ < M. 
For that let /i ri +i < ■ ■ ■ < A*r 2 be the enumeration of these eigenvalues. Put 

T 

(A.ll) r = . 

1 ' 10r 2 

The Vandermonde matrix (e* MrP ' r )i< r .< r2i i<p< r , 2 is non-singular and hence we can find scalars 
cr p , max I cr p I = 1, satisfying 



1-2 



»'2 



(A.12) 



v P e iflrPT = for r < n, | a p e iflrPT \ > K 5 for r x < r < r 2 , 
p=i p=i 

with a constant K 5 = K^/ii, ■ ■ ■ ,/z r2 ,T). (Note the implicit dependence on M.) 
If we define 

(A.13) V=J2 (£^ eiAnPT ) (<P><P»)<Pn, 

\n>N \r=l ) 
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(I — H)tp = tp, and U (t)ip = a p U (t + pr)ip. 

r=l 



Applying (A.5), (A. 12) and the definition (A. 13) gives 



4Ci\\AU(t)fi\\ 2 L 2 {[T/2t3m . n) >\\<p\ 



> 



E 



N<X n <M 



T2 



>Ki\\(U M -U) V \\ 2 . 



r=l 
2 



l(V,Vn)| : 



The choice of r in (A. 11) and (A. 14) show that 
(A.15) \\AU(t) v \\ > 

This gives, 



K 5 
2C ir2 



;n M -n>| 



\\AU(t)(i - n M + n>|| z2([0jT];W) < pf/(t)v9|| L2([0 , T];W) + VT||(n M - n>| 

~ v 1 ' l< ' 1 1 ll^(*)¥>ll£ a ([o,n,«)> 



< i + 



#5 



which combined with (A. 10) and (A.15) produces 



1 + 2 ^ + K l >^ \ \\AU{t)y\\ L ^ Tm > K a K 3 \\U<p\\ + 1/(2^)11(1 - H M ) V \\ 

+ ||(n M -n>||- y/KjM\\<p\\ 2 

> (K 6 -y/K A /M)\\<p\\. 



Since Kq and K± are independent of M we obtain (A.4) by choosing M large enough. □ 



Appendix B. Proof of Lemma 12.51 

This is a purely geometric result which does not involves integer points. It is the conse- 
quence of the fact that the circle is curved but we prove it by explicit calculations. 



We start with the case where 7 = 1 (recall that in Lemma 2.5 the modulus is defined by 
|(xi, x 2 )| 2 = x\ + jx 2 ,). We perform a change of variables x xh, and denote by e = n 2 h 2 . 
We are reduced to proving that for 

(B.l) B e<a = {z e C : Rez > 0, Imz > 0, ||z| - 1| < e, arg(^) e [ay/e, (a + l)y/e)}. 



we have 
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Lemma B.l. There exists eo > and Q > such that for any < e < eo, we have 

V aj e{0,l,...,N e },j = l,..A, N e := 
(B £;ai + B e)a2 )n{B e)0l3 +B e;a4 )^ 
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(B.2) 



7T 



2^1 



|«i — ct3| + |«2 — CK4I < Q or \ol\ — Q4I + \a,i — CK3I < Q 



Proof. We first observe that it is enough to prove the lemma with the condition 1 1 z\ — 1 1 < e 
replaced by < \z\ — 1 < e in the definition of B ta : < 1 — \z\ < e is the same as 
0<|z|/(l-e)-l<e/(l-e). 

Let Zj = pje l0j G S e)C(; . , 1 < j < 4, be such that ^ + z 2 = z 3 + z 4 . By possibly exchanging 
z\ and Z2 we can assume 9\ > 82 and similarly that #3 > #4. In particular, 

(B.3) &=& G [o,s], tte[o,f]. 



Since pj G [1, 1 + e], we have 



e 1 " 1 + e 



e W4 < 4e, 



which is the same as 
(B.4) 

On the other hand, 



| e |(^ 2 ) cos (^) _ e t(0 3 +04) cos (03=<k)| < 2e 



| e S(*+ftO cos (^) _ e f (^4) cos( ^6 



> |sin(^±^^W^)| 



2 / ""V 2 

Since JR3|) implies that cos(^^) > l/v^, we obtain from (|R4| that 



sin 



m^ )[<2v^£. 



We also have h+h=4>=h e [_i |] an d as | siri #| > 2|6»|/tt for -tt/2 < < tt/2, we conclude 
that 



(B.5) 



We assumed that ^- = pje j6,J G <6 ejQ: . and that means that < ^ — < v^- Hence 

(B.5) gives 

(B.6) \a.\ + «2 — «3 — CK4I < C\/e + 2 < 3, 

provided that e > small enough. 



Going back to (B.3) and (B.4) we get with p = 9 , g 



(B.7) 

As, p,q G [0, f] we get 



cosp-cosg| =2|sin(2±2) sin (2=2) | < 2e 



I (g+g) (p-q) I < 7r^ 
2 2 I — 4 t- 
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This is the same as (recall that < 9, — 9 2 , < 9 3 — 84) 

(B.8) (\9, - 9 2 \ - \6 3 - 9 4 \)(\0i ' 82] + \9 3 - 9 A \) < 4vr 2 e 

and this gives 

(B.9) \(9 t - 9 2 ) - (9 3 - 9 4 )\< ((19, - 9 2 \ - \9 3 - 4 |)(|0i - 2 \ + \9 3 - 9,\)Y < 2<K^e 
Using again the fact that < 9j — y/ectj < \fe this gives 
(B.10) \(a, - a 2 ) - (a 3 - a 4 )\ < 2n + 2 



Finally, from (B.6) and (B.10) we obtain 



\ a l — C^s\ < 7T+ f , |«2 — 0:4] < VT + 5 



which proves Lemma 2.5 in the case 7 = 1 (notice that here only the first term in the 
alternative is possible which follows from the assumption 9\ > 9 2 ,9 3 > #4). The general 
case follows by applying the transformation (xi, x 2 ) 6l 2 4 (xi, ^x 2 ) E R 2 . □ 
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